Parallel link robots are now being applied to various assembling tasks for small products and components. One of the important issues for design of the parallel link robots is to improve their kinematic motion deviations due to the complex link structures. The kinematic motion deviations of the parallel link robots are deeply influenced by the geometric deviations of the components, such as joints and links. A systematic design method is required for specifying suitable geometric tolerances of the joints and the links, in order to improve the kinematic motion deviations of the parallel link robots. The objective of the present research is to establish a computer-aided design system for specifying a suitable set of the geometric tolerances of the components considering the trade-off between the requirements on the kinematic motion deviations and the ease of the manufacturing processes. A mathematical model is formulated to represent the standard deviations of the kinematic motions of the end effectors, based on the tolerance values of the joints and the links. A systematic method is proposed here, by applying an optimization method, to determine a suitable set of the tolerance values of all the joints and the links under the constraints on the kinematic motion deviations of the end effectors. The method is applied to some design problems of the geometric tolerances of the parallel link robots.
Introduction
Three-dimensional CAD/CAM/CAE (Computer Aided Design/Manufacturing/Engineering) systems are now being widely applied to design, analysis and manufacturing of machine products and components. One of the important issues to be considered in the applications of CAD/CAM/CAE systems is how to deal with the geometric tolerancing and the dimensional tolerancing in the three dimensional product modeling systems.
Many researches have been carried out to deal with the dimensional tolerances, aimed at realizing statistical analysis and design methodologies for the three dimensional machine products (Mathieu et al., 1997) , (Narahari et 
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A study on tolerances design of parallel link robots based on mathematical models
Ryo TAKEMATSU*, Naoki SATONAKA**, Wiroj THASANA***, Koji IWAMURA**** and Nobuhiro SUGIMURA**** al., 1999), (Roy et al., 1991) , (Voelcker,1993) ．The dimentional tolerances deal only with the deviations of the onedimentional tolerances, and their applications are relatively limited for representation and analysis of the goemetric deviations in three-dimentional spaces. Therefore, much emphasis has recemtly been given to the modeling and analysis of the three-dimensional geometric tolerances in the three dimensinal product modeling (Carrino et al., 2001) , (Ngoi and Agarwal, 1998) , (Ngoi et al., 2000) . However, most of the research works have not yet considered the statistical analysis of the three-dimentional tolerances. A set of research works have been carried out to represent and to analyze the three-dimentional kinematic motion deviations of the machine tools based on the statistical characteristics of the geometiric tolerances of the machine tools (Satonaka et al. 2005) , (Satonaka et al. 2007 ), (Satonaka et al. 2008) , (Sugimura et al., 2012) , (Takahashi et al., 2014) , (Takematsu, et al, 2016) . The methods proposed in the previous papers are applicable to the machine products other than the machine tools.
Parallel link robots are now being applied to various assembling tasks for small products and components. One of the important issues for design of the parallel link robots is to improve their kinematic motion deviations due to the complex link structures. The kinematic motion deviations of the parallel link robots are deeply influenced by the geometric deviations of the components, such as joints and links. A systematic design method is required for specifying suitable geometric tolerances of the joints and the links, in order to improve the kinematic motion deviations of the parallel link robots. The objective of the present research is to establish a computer-aided design system for specifying a suitable set of the geometric tolerances of the components considering the trade-off between the requirements on the kinematic motion deviations and the ease of the manufacturing processes. A mathematical model is formulated to represent the standard deviations of the kinematic motions of the end effectors, based on the tolerance values of the joints and the links. A systematic method is proposed here, by applying an optimization method, to determine a suitable set of the tolerance values of all the joints and the links under the constraints on the kinematic motion deviations of the end effectors. The method is applied to some design problems of the geometric tolerances of the parallel link robots.
The following issues are discussed in the paper. (1) Meaurement and simulation of a parallel link robot, (2) Inverse kinematics of parallel link robots, (3) Modeling and analysis of parallel link robots including geometric deviations, and (4) Design method for tolerance values for joints and links.
Measurement and Simulation of a Parallel Linc Robot
Kinematic motion deviations of a parallel link robot are firstly measured by applying the DBB (Double Ball Bar) system, as shown in Fig. 1 . The robot and the measuring system applied are FANUC M-1iA/1H and Renishaw BC20-W, respectively. The terminals of the DBB are fixed on both the table center and the end effector, and the end effector is controlled to rotate around the table center. The rotational radius and the feed speed are set to 100 mm and 1,200 mm/sec, respectively. An example of the measurement results is shown in Fig. 2 (a) representing the radial position deviations of the end effector. As shown in the figure, the trajectory of the end effector has an ellipsoidal shape, and the radial positioning deviations reach about ±0.4 mm. The patterns and the ranges of the radial deviations obtained here are almost same as the results published by the other papers (Takeda et al. 2004) .
Mathematical simulation method is also applied to estimation of the effects of the deviations in the lengths of the links constituting the parallel link robots and the alignment deviations of the rotational joints of the upper links which control the positions of the end effectors. The mathematical simulations have been carries out for the configurations with various link lengths and rotational joint positions of the robot shown in Fig 3. The robot has three set of the rotational joints, the upper links and the lower links as shown in Fig. 3 (a) and (b). One set of the rotational joint, the upper link and the lower link in -x direction in Fig. 3 (b) and Fig. 4 are selected, and the position the joint and the lengths of the links are changed in the simulation. The parameters changed in the simulations are the position of the rotational joint L 1 , the length L 2 of the upper link and the length L 3 of the lower link.
The nominal values of L 1 , L 2 and L 3 are 110 mm, 100mm and 270 mm, respectively. In the simulation, these parameters are changed in the range of ±1.1 mm. One example of the trajectories obtained in the simulation is shown in Fig. 2 (b) under the conditions of L 1 =110 -1.1, L 2 =100 + 1.0 and L 3 =270 -1.0. The trajectory obtained here has a similar pattern with the trajectory shown in Fig. 2 (a) obtained in the experiments.
The results obtained through both the experiments and the simulations show that it is important to design the geometric deviations of the link lengths and the alignment deviations of the rotational joints from the viewpoint of Takematsu, Satonaka, Thasana, Iwamura and Sugimura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) improving the kinematic motion deviations of the end effectors.
A systematic tolerance design methodology is discussed in the following sections, in order to establish a design method which determines a suitable set of the tolerance values under the constraints on the kinematic motion deviations of the end effectors of the parallel link robots. Especially, the emphasis is given to design a suitable set of the tolerance values of the rotational joints, the spherical joints and the links included in the robots. The tolerance values of the components deeply affect the position deviations of the end effectors.
Inverse Kinematics of Parallel Link Robots
Kinematic Model
The parallel link robots considered in the study are shown in Figs 3 (a) and (b), which represent the three dimensional model and the kinematic model, respectively. The end effectors move in the three dimensional space against the fixed bases. The motions of the end effectors are limited to the parallel motions with three degree of freedom. The motions are controlled by the rotational angles  1 ,  2 and  3 of the upper links in the kinematic model shown in Fig. 3 (b) .
Three servo-motors are equipped within the bases to control independently the rotational angles  1 ,  2 and  3 of the upper links. The lower links shown in Fig. 3 (a) are connected by two double spherical joints with the upper links in one ends and with the end effectors in the opposite ends. By connecting using the double spherical joints, the motions of the end effectors are limited to the parallel motions without rotations. Figure 4 summarizes the geometric parameters representing the link lengths and the positions of the joints which connect the bases, the upper links, the lower links and the end effectors. Takematsu, Satonaka, Thasana, Iwamura and Sugimura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) 
Inverse kinematics
The inverse kinematic analysis is required to determine the joint angles  1 ,  2 and  3 of the upper links based on the position of the end effectors. This section deals with the method to determine these joint angles. The input information about the position of the end effector is given by a position vectors X E representing the centers of the end effectors.
Equation (2) gives the basic conditions to determine the joint angles  1 ,  2 and  3 based on X .
where, L 3 : Lengths of the lower links. : Position vectors of the upper end of the i-th lower link, which is connected with the i-th upper link driven by the servo motor.
: Position vectors of the lower end of the i-th lower link, which is connected with the end effector. Takematsu, Satonaka, Thasana, Iwamura and Sugimura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) (3) (4) where, L1: Radius of the circle on which the rotational joints of the upper links are arranged. L 2 : Lengths of the upper links.
The following equations are obtained for the joint angles  i from Eqs. (3) and (4).
The joint angles are finally obtained by the following equations.
The angles and shown in Fig. 3 (b) are obtained by the following equations. These angles are required to estimate the position of the end effectors taking into consideration of the geometric deviations of both the joints and the link lengths. (7) where, : Angles between the upper links and the lower links. Takematsu, Satonaka, Thasana, Iwamura and Sugimura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) : Angles between the lower links and the end effectors.
: Vectors connecting from . : Vectors connecting from . : Vectors connecting from .
Modeling and Analysis of Parallel Link Robots
Modeling of Geometric Deviations of Joints and Links
The geometric deviations of the joints and the links are constrained by the geometric tolerances defined on the geometric elements called "features" constituting the joints and the links. (Satonaka et al. 2005) , (Satonaka et al., 2008) (Sugimura et al. 2012) .
The geometric tolerances of the features specify the allowable areas named "tolerance zones," which constrain the position and orientation deviations of the associated features against the nominal features, as shown in Fig. 5 . The geometric deviations of the associated features from the nominal features are represented by sets of parameters named "deviation parameters." For example, one position parameter w and two rotational parameters α and β are required to represent the geometric deviations of the associated plane features against the nominal plane features, for the case where the tolerance zone is given by the area between a pair of parallel planes shown in Fig. 5(a) . The tolerance values mean here the dimensions of the allowable areas of the associated features. For an example, the tolerance value of the plane feature is the distance between a pair of faces representing the allowable area of the associated feature.
In the research, the followings are assumed for the ease of the modeling and the analysis of the geometric deviations.
(1) The deviation parameters representing the position and orientation deviations of the associated features follow the normal distribution N , , and = 0. Where, and are the mean values and the standard deviations, respectively. (2) The manufacturing processes of the components are well controlled, and the proportion of the non-conforming components, which means that the toleranced features exceed the tolerance zones, is as small as a value called "percent defective". Takematsu, Satonaka, Thasana, Iwamura and Sugimura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) / ( 8 ) where, : Maximum values of the deviation parameters , if the other deviation parameters are = 0, (i ≠ j). : A constant representing the ratio of the maximum values and the standard deviations . Let us consider a simple case of the link lengths shown in Fig. 5(d) , as an example. The deviation parameter in the case is given by representing the length deviation. If follows the normal distribution N , , the percent defective , that is the percentage of the cases where the length deviation exceeds the range of ±3σ, equals to 0.27%. This is the basic character of the normal distributions. So, if t/2 is the maximum allowable deviation in ± directions of the link length and standard deviation equals t/6 in the case shown in Fig. 5 (d) , equals 0.27%. This means that = 0.27% for the case = 3. Let us consider another case of the plane feature shown in Fig. 5(a) including more than one deviation parameters. The maximum values are given as follows.
2 , , where, , : Length and width of the plane feature. t: Tolerance values, e.g. the distance between two planes representing the tolerance zones.
The following equation gives the conditions that the plane features are included within the tolerance zone between a pair of planes ( 1 0 ) The probability that the toleranced features are included within the tolerance zone is given by the following equation. 
Kinematic Motion Deviations of End Effectors
(1) Kinematic Motion Deviations of Rotational Joints 4 by 4 homogeneous transformation matrices are applied to represent the kinematic motions and their deviations in the previous and present research works (Satonaka et al. 2005) , (Satonaka et al. 2007 ), (Satonaka et al. 2008) , (Sugimura et al., 2012) , (Takahashi et al., 2014) , (Takematsu, et al, 2016) . The kinematic motions at the rotational joints shown in Fig. 6(a) are represented by the following equation taking into consideration of the geometric deviations of the faces. Vol.12, No.1 (2018) : Transformation matrix which transforms the y-axis to the rotational axis R. : Transformation matrix including the kinematic motion deviations due to the geometric deviations of the guide-ways of the rotational joint.
: Rotation angle of the rotational joint. , : Orientation deviations of n-th guide-way of the rotational joints in Unit-m ( , , , ). , , : Position deviations of n-th guide-way of the rotational joints in Unit-m ( , , ,
(2) Kinematic Motion Deviations of Spherical Joints The geometric deviations of the lower links are represented by the dimensional deviations between the centers of the upper double spherical joints and the centers of the lower ones show in Fig. 3 (b) , and the dimensional deviations between the pairs of the centers are represented by the average lengths of the pair of lower links connected with each other. It is assumed, in the research, that the average length of the pair of lower links connected with each other is approximated by one link with two ball joints on both side of the link, and that the approximation errors are small. Therefore, the double spherical joints of the lower links are represented by the single spherical joints in the model for the ease of the analysis.
The kinematic motions in the spherical joints are represented by only the angles of or , as shown in Fig.  3 (b) , and the transformation matrix for the spherical joints with geometric deviations is given by the following equations. where, S: Unit vector representing the rotational axis which is perpendicular to either the planes defined by two vectors of , and or the planes defined by two vectors of and . : Transformation matrix which transforms the z-axis to the rotational axis S. : Transformation matrix including the kinematic motion deviations due to the geometric deviations of the guideways of the spherical joints.
: Angles given in Eq. (7). , , : Position deviations of guide-way n of the spherical joint.
Equation (13) give the transformation of the spherical joints at . For the cases of the spherical joints at , the angles is replaced by .
Takematsu, Satonaka, Thasana, Iwamura and Sugimura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) ( 1 6 ) The mean values and the standard deviations of the position vectors of are estimated by applying the Equations from (5) to (16) when the positions of the nominal vector are specified.
Design Method for Tolerance Values for Joints and Links
Formulation of Problem
The tolerance design of the parallel link robots plays an important role from the viewpoints of both the kinematic motion accuracy and the production costs. The tolerance values should be as large as possible for the ease of manufacturing processes. On the other hands, the end effectors of the parallel link robots should be controlled so that their kinematic motion deviations are kept within the allowable ranges.
A systematic procedure is proposed here, by applying an optimization method, to determine a suitable set of the tolerance values of all the joints and the links under the constraints on the kinematic motion deviations of the centers of the end effectors. The tolerance design problem considered here is formulated as shown in the followings, in order to consider the trade-off between the high kinematic motion accuracy and the ease of the manufacturing processes.
(a) Design variables
The design variables summarized in Table 1 include five geometric tolerance values from to of the joints shown in Fig. 6 (a) and (b) and two dimensional tolerance values and of the upper links and the lower links shown in Fig. 3(d) . The tolerance values mean here the dimensions of the allowable areas of the associated features shown in Fig. 5 (a) to (c) for all the features and the dimensions shown in Fig. 5 (d) for the link lengths.
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Takematsu, Satonaka, Thasana, Iwamura and Sugimura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) Totally, seven tolerance values , , ⋯ , are considered in the tolerance design of the parallel link robots. The dimensions of the robots considered in the case studies are summarized in Table 2 . 
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( 1 8 ) where, : Representative dimensions of the geometric elements on which tolerances are specified.
:Tolerance values representing the allawable areas of the associated features.
The objective function Eq. (18) is formulated on the basis of the relations between the tolerance values and the representative dimentions of the featrures defined in the IT standard tolerance (JIS, 1988) . Figure 7 summarizes how the tolerance value is changed according to the diameters of the cylinder features of the holes and the pins. Three lines in the figure correspond to IT6, IT8 and IT10, respectively.
It is assumed that the individual lines of IT6, IT8 and IT10 correspond to the difficulties in the manufacturing processes of the features. The least mean square method is applied to approximation of the lines in the figure, and Takematsu, Satonaka, Thasana, Iwamura and Sugimura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) the formulas . ⁄ =(constant) are obatained for the individual lines. So, the objective function ∑ . ⁄ is set to be minimized in the tolerance design processes. The representative dimensions considered here are the diameters and/or the lengths of the features shown in Fig. 5 (a) to (c) for the cases of the joints and the link lengths shown in Fig. 5 (d) for the cases of the links, respectively.
The objective function geven in Eq. (18) should be minimized under the constraints presented by Eq. (17) in the design process of the tolerance valuses. The design process are proposed in the previous paper (Takematsu, et al, 2016) , and summarized in the next secsion.
Design Process
The problems considered here is to select optimum tolerance values , , ⋯ , , which minimize the objective function values described by Eq. (18) All the tolerance values , , ⋯ , are firstly set to be the minimum value of 0.001mm. STEP 1.2:
A tolerance value of is increased by a step value of 0.001 and the kinematic motion deviation is calculated and verified = . This step is terminated when = , and the maximum values of the ith tolerance is obtained. The two steps above mentioned are repeated for all the tolerances , , ⋯ , to obtain the maximum values of all the tolerances. The steepest descent method is applied to find an of a candidate solution from the initial values . The initial value is updated by applying the following formulas until the satisfies the constraints = . Fig. 7 Relations between tolerance value and representative dimension of feature Takematsu, Satonaka, Thasana, Iwamura and Sugimura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) ( 1 9 The gradient vector of the objective function is firstly calculated, and the tolerance values are arranged from the largest one to the smallest one according to the absolute values of the gradient vector components | /∂ |. The following three steps are repeated from the tolerance value with largest gradient vector component to the smaller one.
(1) is modified by adding 0.001 mm to the tolerance value . (2) If modified does not satisfies the constraint , then is restored to the original value. (3) The tolerance value with next largest gradient vector component are selected and then (1) and (2) are carried out. The procedures mentioned above are repeated until all the tolerance values are manipulated, and an optimum solution is obtained.
The procedures of STEP 2 and STEP 3 are repeated for ten times to obtain the final optimum solution, since the solutions obtained through the procedures mentioned above are influenced by initial tolerance values randomly generated in STEP 2.1.
Case Studies
The proposed method is applied to the tolerance design of the parallel link robot shown in Fig. 3 . The geometric deviations of the features are represented by the standard deviations given in Eq. (8), and the kinematic motion deviations of the end-effectors are also represented by the standard deviations by applying Eqs. (12) to (14). Therefore, both the geometric deviations and the motion deviations are symmetry in plus and minus directions of the deviation parameters.
The parallel link robot considered here has 1/3 rotationally symmetric structures, and the motion areas of the end effector are limited within the range shown in Fig. 8 (a) . Therefore, the motion deviations of the end effector are verified at totally 15 positions show in Fig. 8 (b) . The optimum tolerance values , , ⋯ , are firstly designed for the 15 positions independently by setting the allowable motion deviations to 0.05 mm, based on Eqs. Takematsu, Satonaka, Thasana, Iwamura and Sugimura, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.1 (2018) components of the objective function values .
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for the individual tolerance values in Eq. (18), respectively. The designed tolerances of and are smaller than other tolerance values, as shown in Fig. 9 . This means that the kinematic motion deviations of end effectors are deeply influenced by the tolerance values of the geometric elements of the rotational joints of the upper links, therefore these tolerance values are very important to minimize the standard deviations of kinematic motions of the end effectors.
Conclusions
A systematic method is proposed, by applying an optimization method, to determine a suitable set of the tolerance values of the geometric elements of the joints and the links constituting the parallel link robots, under the constraints on the kinematic motion deviations of the end effectors. The results are summarized as follows; (1) Kinematic motion deviations of a parallel link robot were measured and compared with the simulation results based on the kinematic model. The results show that the kinematic motion deviations of the end effectors of the robot are deeply affected by the geometric tolerances of the joints and the links constituting the robots. (2) A mathematical model of the parallel link robots was proposed to estimate the kinematic motion deviations of the robots based on the goemetric deviations of the joints and the links. The inverse kinematic method was also discussed to obtain the joint angles of the upper links to control the end effectors, based on the nominal model without the geometric deviations. (3) A tolerance design method was proposed and applied to a design problem of the parallel link robots to design a suitable set of the tolerance values of the geometric elements of the joints and the links. The method provide us with a systematic method to determine the suitable set of the tolerance values taking into consideration of both the constraints of the kinematic motion deviations of the end effectors and the ease of the manufacturing process of the robots and their components. 
